In this work we show that the Layzer theory for atomic calculations provides a theoretical framework and also a powerful computational approach if correct rules for the calculation of the screening parameters are given. Using the virial as a model for potential energy and splitting of two-body operators as sum of onebody operators, a neat definition of screening is given, satisfying diverse physically indispensable properties. Many different experimental and theoretical results are reproduced with high accuracy, with no fitting procedure involving energy levels or numerical potentials. A C ++ code and an executable file are available upon request.
Introduction
The use of screened hydrogenic models (SHM) for modeling plasmas and surface ion collision experiments has been well documented in recent works [1] , [2] . Different methods are available for systematic numerical calculations of atomic parameters, based on the self-consistent Hartree-Fock procedure [3] [4] . However, it is important to have an efficient analytical approach, suitable for the calculation of energies of a large number of excited states. The purpose of this article is to give explicit formulas for the average energies of arbitrary complex configurations, specially of medium to highly ionized atoms. However, also good results for neutral and almost neutral atoms are obtained.
The starting point is the Layzer's formulation of the Zdependent theory of the many-electron atom truncated to second order [4] [5] [6] . Many authors pointed out in the past that the screening approximation is not very useful; however, that statement is not right provided that correct rules are given for calculating the screening. Moreover, relativistic corrections to the energy can be easily made and configuration interaction effects can be properly considered. It is important to point out that several published screening rules produce negative ionization potentials (IP) for neutral or few ionized systems [2] [7] . Other authors obtain the screening parameters either in order to reproduce the IP's calculated by Hartree-Fock [9] [10] or by adjusting analytical potentials with numerical results [11] .
In this work, no empirical adjustments are made nor negative IP's emerge from our calculations. For the screening parameters, we use the approach due to Kregar [12] generalized by one of us [13] , based on the splitting of the twobody potential energy operators into the sum of effective one-body operators. Total binding energies, ionization potentials and energies of complex excited configurations are in good or very good agreement with both, theoretical and experimental values.
In the following, we use the atomic units, where the electron charge and mass and the Dirac constant are equal to one (e = m e = = 1) and the energies are measured in Hartrees: 1 Ht ≡ 27.21 eV . A numerical code written in C + + and an executable file are available upon request. 
expansion
Layzer's formulation of the Z-dependent theory of the many-electron atom is the starting point of our work [4] , [5] [6]. The approximate non-relativistic Hamiltonian in atomic units given by
Introducing the new variable ρ = Zr, it can be shown that the total non-relativistic energy can be written as the expansion [4] 
where, exactly
and 
whereas for the equivalent ones:
the coefficients g k and f k can be found in the above cited references.
If we restrict the expansion (2) up to E 2 , the energy can be written as
where w nl is the number of electrons in the n, l shell and σ nl is the corresponding screening parameter. Comparing Equations (2) and (7), we find that the σ nl 's satisfy
and
Then, to second-order approximation in the non-relativistic context, the average energy of a configuration is given by
where w i is a short notation for w nili , the number of electrons in the n i , l i shell.
Comparing Equation 8 with Equation 10
, we see that E 1 can be calculated by two ways: in terms of the Slater integrals F k and G k or in terms of the σ's. Indeed, if we are capable of select a good method for σ s calculations, the two values must be nearly equal. One of the merits of this work is the algorithm used for this calculus.
The calculation and desirable properties of the screening parameters
The concept of screening (and screened orbitals) is of old data and it is impossible to give a short account in this paper. In the past, screening parameters were obtained using spectroscopic data, numerical calculations and theoretical approaches. A short review can be found in the paper from one of the authors [6] . Screening parameters must have several indispensable properties: i) it must be derived theoretically in a neat form, ii) it must be dependent on Z and N, accounting for the contraction of the orbitals, iii) the sum given by Equation 8 must be very nearly to the value 1 2 i w i (w i − 1) {ii} + i,j w i w j {ij} ; this property is verified and it is exact for Z → ∞, when σ → σ 0 (see below, Eq. 11), iv) the corresponding values of E 2 must follow a law of the type E 2 ∼ a + b/Z in order to reproduce the non-relativistic calculations using the Cowan´s code (see below, section Results), v) it must satisfy the Z expansion
We use the point of view introduced by Kregar generalized by one of us, based on the virial as potential energy and the splitting of the two-body potential energy operators into the sum of effective one-body operators (see below Equation 12) [12] [13] . Briefly, in the zero approximation, disregarding for a moment the exchange and sub-shell corrections, as can be viewed in Equations 5 and 6, the average Coulomb energy of electron pairs is (the i − th electron is equally or more strongly bound that the j − th one)
so that the operator 1/r ij can be written as
where g ij and f ji are the external and internal screening parameters, respectively.
For a given value of r, inner screening is associated with electrons at r ≤ r, outer screening is due to a shell of charge located at r > r, adding a constant to the potential V (r). As it was shown in the References [12] and [13] , the two parameters can be expressed in simple form in terms of y = Z i n j /Z j n i ; Z i and Z j are the screened charge seen by each electron. A neat demonstration of this result can be found in reference [13] .
To add the exchange and sub-shell corrections implies the changes
and can be accounted for as the ratio between the second term of the r.h.s. of Equations 5 and 6 and F 0 . Then, taking into account the exchange interaction and subshell effects, effective charges are given by
where q i , q j are the occupation number of the respective subshells. As (see details in [13] ), in terms of y
a short and simple iterative procedure must be used for their determination. The iteration can be reduced to one or two steps if, as zero approximation, Slater-like rules are used as starting point for Z i (see below, section 3). Explicit expressions for the coefficients a k and b k can be found in reference [13] . Both the Layzer and the Kregar formulations ensures exact energy levels for H-like ions in the non-relativistic regime; for He-like ions, σ 0 = 5/16, as deduced for the variational principle.
Relativistic corrections
From the Breit-Pauli Hamiltonian the relativistic shift operator H RS has five terms [4] :
that signifies respectively: mass correction, one-and twobody Darwin, spin-spin contact and orbit-orbit terms. Far, the more important are the two first ones, that scale as Z 4 .
These energy shifts can be estimated very simple and correctly as the sum of contributions
The remaining terms scale as Z 3 and will be ignored in this work. An analysis is presented in the work by Safronova et al [2] .
Results and comparison with experiments and other calculations
The comparison with experiment, in order to see the Z−dependence of experimental binding energies it is difficult, because there are relativistic effects dependent of Z 4 and Z 3 [8] and higher powers of Z. Therefore, we compare in first place our expansion with non-relativistic calculations. We verified that the non-relativistic values from the Cowan's code follow a dependence of the type
moreover, the Cowan values with relativistic corrections are very similar to the results from the Dirac-Hartree-Fock values from Huang et al. [15] In Table 1 , we show the center-of-gravity binding energies, including relativistic corrections for ground configurations, for atoms with closed (sub)shells. As we can see, our values are in very good agreement both with Hartree-Fock ( [3] , [15] ) and experimental ones (up to Z = 20, because there are not experimental results for all elements and ionization degrees).
In Fig. 1 we show the first ionization potential for the above cited elements, jointly with experimental values. The relation is of the order of two and better values can not be expected. In fact, the Layzer theory is valid, in principle, for large Z. Therefore this, the most rigorous test for our choice of the screening evaluation, is very promissory. In Table 2 are shown the ionization energies for the Ar isonuclear sequence; the relative values are near one.
In Table 3 , are shown the ionization energies of the Ar isoelectronic sequence; as it is expected, the relation between our values and the Cowan values are in excellent agreement. In Fig. 2 shows the binding energies of the internal subshells for Xe; our values are compared with those from the theory and the experiment [15] ; as can be seen, the agreement is very good. As other example of complex transitions, we show in Table 4 transitions of the type Φ 0 Φ 1 − 2p −1 3dΦ 0 Φ 1 as defined in Reference [2] : Φ 0 = 1s 2 2s 2 2p 6 , Φ 1 = 3d n Φ 0 . Both values are within 1%, but it must be mentioned that the approach of Safronova et al. produces very bad values (negatives!) of the ionization energies for neutral and almost-neutral elements. 
Calculation of terms and energy levels
The results shown up to this point allow the calculation of the configurations average energies [3] . This may be enough for calculating, for example, the array oscillator strength, which is frequently used for statistical treatments of dielectronic recombination and collisional excitation, in plasma physics and astrophysical applications. For the calculation of the multiplet oscillator strength, the terms are needed and, consequently, the Slater integrals, F k (ij) and G k (ij) , which scale with Z ef f . Thus,
. Values of these integrals for Z = 1 can be found in the book by Condon-Odabasi [14] . In particular, and as an example, G 1 (4s4p; Z = 1) = 0.02444565 Ry. Table 5 shows the values of G 1 (4s4p; Z) = 0.02444565 (Z − σ nl ) for the configuration 4s4p of Zn − like with Z = 30 − 74. These results are compared with the relativistic Hartree-Fock approximation (HXR). It is very important take into account that in practice, in order to give a better accordance with experimental spectroscopy, the theoretical Slater integrals must be multiplied by "fudge" factors lesser than 1 [3] .
Slater-like rules and constant values for
the g ij 's and the f ji 's for Z → ∞.
As stated above (see equation 11), a desirable property for σ is that for Z → ∞, σ → σ 0 . This is verified by our approach and implies that for Z → ∞, the values of f ij and g ij trend themselves to constant values, which we can denominate f
An example is given in Table 6 for the particular case of the orbitals of Kr-like ions. These values, once known, can be stored and reliably reused either in calculations for high ionization stages or, as input parameter to reduce the number of iterations needed to achieve convergency in Eq. 14. For example, using Eq. 13, σ 1s = 0.4973, σ 2s = 5.0253, etc.
Conclusions
In this work we showed that the Layzer expansion is not only a theoretical framework but also a very convenient quantitative method when a correct approach for screening parameter calculations is given. We select the point of view introduced by Kregar, generalized by one of us, taking into account subshell and exchange corrections. With our approach, we always obtain positive ionization potentials, even for neutral atoms, the most difficult test. This fact is easily understood because the Layzer theory is an expansion valid for large Z. In practice, for slightly ionized atoms (as low as three times), results are very accurate accordingly with the main scope of this work: plasma modelling and collision experiments. It it important to point out that in the present work no fitting procedure is used although, if we want to extend the method for neutral and almost neutral atoms, a correction factor (very close to 1) for the σ s could be used. Moreover, it should be mentioned that, although a set of f ji and g ij constants could be used (which we have called f ∞ ij and g ∞ ij ), better results are obtained if the f ji and g ij are handled as parameters. Our approach assure this property taking into account the variation with Z and N. However, it is true that for sufficiently ionized atoms, the use of constants provides a very good approximation, useful for plasma modeling and ion-surface collision experiments [2] .
